We derived stochastic master equation for a system interacting with the Bose field prepared in a superposition of coherent states. We use the model of repeating interactions and measurements with the environment given by an infinite chain of identical and not interacting between themselves quantum systems being harmonic oscillators. Elements of the environment chain interact with the quantum system in turn one by one and they are subsequently measured. We determined the conditional evolution of the quantum system for the continuous in time observations as a limit of discrete recurrence equations.
I. INTRODUCTION
The conditional evolution of an open quantum system interacting with the environment given by the Bose field is described by the Belavkin filtering equation (master stochastic equation) [1] [2] [3] [4] [5] [6] [7] 11] . The quantum filtering theory, formulated within the framework of quantum stochastic Itô calculus [9, 10] , gives the best state estimation based on the result of measurements preformed continuously in time on the output Bose field (the Bose field after interaction with the system). The conditional states, being solutions to quantum filtering equation, create quantum trajectories. The form of the filtering equation depends on the choice of the initial state of the environment and on the type of measurement performed on the output field. Two types of the measurement are considered in the filtering theory, namely, photon counting and homodyne/heterodyne measurements, which correspond respectively to the counting and diffusion stochastic processes. Rigorous derivations of the filtering equation for the case when the Bose field is prepared in the Gaussian state, being an example of a factorisable state of the environment, one can find, for instance, in [1, 2, [13] [14] [15] .
The standard methods of determination of the conditional evolution of an open quantum system do not work for the case when the Bose field is taken in non-classical state, such as a propagating Fock state, superposition of Fock states, or superpositions of coherent states. The initial temporal correlations of the Bose field state become then a source of non-Markovianity of the evolution of open system. Stochastic evolutions of open quantum system were given for a single photon state in [18] [19] [20] , for a Fock state in [21, 22] , and for a superposition of coherent states in [18, 20] . The authors of these papers start their derivations with the general quantum stochastic differential equation of Hudson and Parthasarathy. The method of determination of the conditional evolution of open quantum system interacting with the environment prepared in the single photon state with the making use of the collision model was proposed in [23] .
In the paper we present derivation of the filtering equations for quantum system interacting with the environment prepared in a superposition of coherent states. To determine the quantum trajectories, instead of the method based on the concept of ancilla producing the field in non-classical state and quantum stochastic calculus, we use the quantum repeating and interactions model [25] [26] [27] [28] with the environment given as an infinite chain of identical and not interacting between themselves quantum harmonic oscillators. The elements of the bath chain interact in turn one by one with the quantum system and after this interaction they are subsequently measured. We obtain description of the conditional evolution of the system as a continuous limit of difference equations. We would like to stress that derivation of the conditional evolution of an open quantum system interacting with the environment in the nonclassical state with the making use of the repeating and interactions model is more intuitive than methods based on quantum stochastic Itô calculus proposed in [18, 20] .
II. THE UNITARY SYSTEM AND ENVIRONMENT EVOLUTION
Let us consider a quantum system S of the Hilbert space H S interacting with the environment consisting of a sequence of identical and do not interacting between themselves quantum systems which interact in turn one by one with the system S each during the time interval of the length τ . We treat τ as a small time step assuming that
(the past space) describes the space of the quantum systems which have already interacted with S and H
[j E (the future) describes the space of the quantum systems which have not interacted with S yet. Each copy of the environment is identical, H E,k = H, and we assume that H is the Hilbert space of harmonic oscillator. In a continuous limit H E becomes the symmetric Fock space [29] . We define the operators ∆B k , ∆B † k , ∆Λ k acting in the Hilbert space H E,k as
where |n k is the number state in H k . One can check that the operators satisfy the canonical commutation relations of the form
We formally deal with the extensions
but to simplify the notation we do not write down the tensor product with the identities. The coherent state in H E we define as
where
such that α k ∈ C and
One can check that
so |α is the eigenstate of ∆B k . The mean values of the operators ∆B k , ∆Λ k for the coherent state are
Note that when the environment is prepared in the coherent state then the number of photons for the k-th quantum system is measured with the following probabilities. The probability of zero photons
the probability of one photon
and the probability of m photons (m > 1)
. So for the measurement of the observable ∆Λ k only two results are possible: 0 and 1. The measurement of more than one photon is not taken into consideration because of a small value of its probability (such probability is proportional to τ raised to the power more than one).
We assume that the evolution of the compound E + S system is governed by [25, 27] 
where V k is the unitary operator acting non-trivially only in the Hilbert space H E,k ⊗ H S (it describes the interaction between the k-th element of the environment and S). Note that U j describes the j-th first interactions. We will assume that the compound system is prepared initially in the product state |γ ⊗ |ψ (18) and for the environment vector |γ first we will take the coherent state and then a superposition of two coherent states. In the paper we study the evolution of the system S for V k acting on |α ⊗ |ψ [6, 8] as
where H S , L, S are operators acting in H S , and SS † = S † S = ½ S . Making use of the fact that
one can prove that
We assume that after each interaction a measurement of an observable is performed on the last element of the environment chain and we describe the evolution of the system S conditioned on the results of these measurementthe stochastic evolution.
III. QUANTUM TRAJECTORIES FOR THE COHERENT STATE
A. Photon counting A goal of this subsection is providing a description of an evolution of the system S conditional on the results of the measurement of the bath observable {∆Λ k } +∞ k=0 . Measurements are performed subsequently on the elements of environment at the time instances τ, 2τ, 3τ, . . . just after interaction with S.
We start by considering the case when the total system is initially prepared in the state
where |α is the coherent state of the environment. For this case the conditional state of S and the part of the environment which has not interacted with S up to jτ is at the moment jτ given by
and the conditioned vector |ψ j from H S satisfying the recurrence formula
By η j = 0, 1 we indicated the random variable describing the j-th output. To prove the above statement let us note that when the operator V j acts on the vector |Ψ j we obtain
Then by making use of the definition of the conditional vector |Ψ j+1 from the Hilbert space
we readily find that |Ψ j+1 has the form
with |ψ j+1 given by (25) .
In order to obtain the state of S conditioned on the results of all measurements up to the time jτ , we have to take a partial trace of |Ψ j Ψ j | with respect to the environment degrees of freedom (the future space of the environment). Thus, the a posteriori state of S at the time jτ isρ
where ρ j = |ψ j ψ j |. We can easily derive the recursive equation describing the stochastic evolution of S. When the result of measurement is zero, then, after straightforward calculations, we find that
The conditional probability of the outcome 0 at the moment (j + 1)τ when the a posteriori state of S at jτ wasρ j is defined by
with ρ j+1 given by (33) . Hence, we get
Now making use of the fact that
we obtain for the normalized density matrix the equatioñ
where we neglected higher order terms in τ . When the outcome at the moment (j + 1)τ is 1, then we have
One can check that the conditional probability of 1 at the moment (j + 1)τ if the a posteriori state of S at jτ isρ j has the form
Thus for the normalized density matrix, we simply get
Now combining (38) and (41) we find that the stochastic conditional evolution of S is given by the equatioñ
where η j is the random variable having two possible values 0 and 1 and its mean value
When η j is equal to 0, then (42) reduces to (38) and when η j is equal to 1, then all the terms proportional to τ in (42) are negligible and we obtain (41). Let us introduce now
and
For the continuous case, when τ → 0, we obtain from (42) the filtering equation
with the intensity
The conditional mean value for the increment of the stochastic process n t is
It is clear now that for the non-selective measurement (when the results are not read) we obtain from (46) the a priori evolutionρ
and ρ t=0 = |ψ ψ|.
B. Homodyne detection
Let us consider now the measurement of the observable
from the Hilbert space
and |∆q j j is the eigenstate of ∆Q j . One can easily check that |Ψ j has the form of (24), but to determine the recurrence equation for the conditional state |ψ j one needs to know the exact form of the state |∆q j j . By making use of the expressions [36] 
we obtain
Note that ∆q j plays a role of a random variable with (∆q j ) 2 = τ . Hence for the conditional matrix ρ j = |ψ j ψ j | we have the difference equation
. The a posteriori probability of the result ∆q j at the time (j + 1)τ if the conditional state of S at jτ was
Therefore the conditional mean values of ∆q j is
Finally, by applying the formula
we get the difference filtering equation for the normalized density matrix of the form
We omitted here all terms which do not contribute to the continuous limit. In the continuous limit we obtain the differential filtering equation
with
IV. QUANTUM TRAJECTORIES FOR A SUPERPOSITION OF COHERENT STATES A. Photon counting
Let us assume now that the initial state of the compound E + S system is given as
where |α and |β are coherent states in H E and
We consider the measurement of the observable {∆Λ k } +∞ k=0 performed after interaction with the system S on each element of the bath. The conditional state of S and the part of the environment which has not interacted with S up to jτ is at the moment jτ given by
The conditional vectors |ψ j , |ϕ j from H S are given by the recurrence formulas
and initially we have |ψ 0 = |ϕ 0 = |ψ . The proof is straightforward. We used the results obtained in the previous Section and the linearity of the evolution of the compound system. Note that the form of |Ψ j indicates that the system S becomes now entangled with this part of the environment which has not interacted with S yet. It is the main difference between the considered situation and the case when the environment is prepared in the factorisable state.
By taking the trace from |Ψ j Ψ j | over the future environment, we obtain the a posteriori state of S at the time jτ
Thus for the conditional matrix ρ j+1 , we obtain the recurrence formula
where the form of the vectors |ψ j+1 and |ϕ j+1 depends on the results of all measurements up to the time (j + 1)τ . Henceforth to simplify the notation we drop terms that do not contribute to the continuous limit. When the result of the last measurement is 0, we obtain the equations
Now using the fact
one can check that
Hence, we get the recurrence equation
The conditional probability of the outcome 0 at the moment (j + 1)τ when the a posteriori state of S at jτ wasρ j is given by
Thus one can check that for the operators defined as
we obtain the difference equations
To determine the above equations, we have used the fact that
Let us now consider the case when the result of the measurement at the moment (j + 1)τ is 1, then we have the recurrence formulas
The conditional probability of the outcome 1 at the moment (j + 1)τ when the a posteriori state of S at jτ isρ j equals
where the conditional intensity ν j defined by (94). For the outcome 1, we find
Summarizing, the a posteriori state of S is given bỹ
where (ρ (91)- (93) with (100)- (102), we obtain the set of stochastic difference equations
this part of the environment which has not interacted with S up to the time jτ has the form of (66) with the vectors |ψ j , |ϕ j satisfying the recurrence equations
and ∆q j is the result of the measurement performed at the time (j + 1)τ . To show this one can use the result of Section III.B and the linearity of the evolution equation for the compound system. Our derivation of the filtering equation for the system S we start from writing down the difference equations
where C j = (2πτ ) 1/2 exp (∆q j ) 2 /2τ . All terms which do not contribute to the continuous limit have been omitted. We can readily deduce that the conditional probability of the result ∆q j at the moment (j + 1)τ is given by
Hence, one can show that the conditional mean values of ∆q j has the form
The conditional state of S at the moment jτ has the form (103) with the matrices,ρ 
with the initial conditionsρ 
where the conditional vectors |ψ t and |ϕ t satisfy the stochastic equations and initially |ψ 0 = |ϕ 0 = |ψ . One can prove that for the counting process, the vectors |ψ t and |ϕ t satisfy the filtering equations
where the mean value
dt, where
For the diffusive process we get 
Thus when the system is initially in a pure state we can solve the problem of the conditional evolution by considering only the set of two equations for the wave functions instead of the set of four equations for the matrices.
VI. CONCLUSION
We derived the stochastic equation describing the conditional evolution of the quantum system interacting with the environment prepared in a superposition of coherent states. Initial state of the compound system consisting of the system and the bath is factorisable. The reduced evolution of the open system is non-Markovian and becomes quite complicated because of the temporal correlations in the bath state. To determined the quantum trajectories, instead of the methods based on the quantum stochastic Itô calculus, we used the model of a quantum system interacting with an infinite chain of identical and independent quantum systems representing the environment. This approach gives very intuitive interpretation for the conditional evolution of the open quantum system and quantum trajectories. We not only derived the filtering equations for the environment in the Schrödinger-cat state but we also wrote down the solutions to the filtering equations showing their general structures.
We would like to stress that our results, determined without the standard methods of quantum filtering, are consistent with [18, 20] . In order to prove this consistency one has to derived, using methods of stochastic Itô calculus, the equations for ρ kj (t)/ jk Tr{ρ jk (t)} from [18] which define the conditional state ρ(t) = jk γ kj ρ jk (t)/ jk γ kj Tr{ρ jk (t)}.
